Inference in Belief Trees




Inference in Belief Networks

A Bayesian Network is a complete model for the variables and their relationships.
It can be used to answer queries about them.

Typical question:
Given observes variables, what is the updated knowledge about the other variables.

There are exact inference methods for this task.
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Motivation

Choice of universe of discourse

Variable Domain
A metastatic cancer {ay, a0}
B increased serum calcium  {by, by}
C'  brain tumor {c1,00}
D coma {dq,d>}
E  headache {e1,eo}

Analysis of dependencies
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(-1 — present,-9 — absent)

(0 ={ay, a9} x -+ X {eq1, 2}
0] = 32
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Motivation

P = 0.8
(e | er) headaches common, but more common if tumor present
P(61 ’ CQ) = 0.6
P(dl by, Cl) = 0.8 )
P(d1 by, (32) = 0.8 o :
P(dy | by, cy) =08 > coma rare but common, if either cause is present
P(dy | bg,c9) =0.05 |
P(by|a;) =08 ) increased calcium uncommon,
P(by | ag) =02 f but common consequence of metastases
Plavta) =02 1 o d f metast
P(es | ay) = 0.05 rain tumor rare, and uncommon consequence of metastases
P(a1) =0.2 } incidence of metastatic cancer in relevant clinic
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Motivation

%] Class: unnamed1 I==ES
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----- 1 32.00 bl
----- ] £5.00 bz

----- L1 5.00 cl
----- [ 92,00 c2
----- 1 32,00 di
----- ] £58.00 dz

----- O/ 1 61.60 el

----- ] 36,40 &2 o o

W

Marginal distributions in the HUGIN tool.
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Motivation

%) Class: unnamedi @@
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----- /] 79.22 az

S Me T H:
o
bz =h

----- 1 32.47 bl
----- /] £7.53 bz

----- L1 10,39 1
----- [ 89,61 2

----- /] 33.75 di
----- /] 66,75 dZ

o @OE
----- C 1w |
----- — &2

W

Conditional marginal distributions with evidence F = ey
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Propagation in Belief Trees

Belief Tree: Parameters:
T ALP P(al):O.l P(b |a1) 0.7
P(by | ag) =0.2
P(dy | a;) =08 P(cy [ b)) =04
T[AP P(dy | ag) = 0.4 P(cy | by) = 0.001
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Objective

Given: Belief network (V, E, P) with tree structure.
Let W be the set of variables for which the true value is known,
i.e. the instantiated variables

Desired: PB|W)forall BeV

Notation: W5 subset of those variables of W that belong
to the subtree of (V, E) that has root B

Wi =W\Wg
s(B) set of direct successors of B
(Jp  domain of B

[f a variable X is instantiated,
then this value is denoted by x*

a, (B, p, T are normalizing factors
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Example
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W ={F K,L M}

W5 = {L, M}
s(B) = {C, M, N}
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Decomposition

PB=b|W) = Pb|WzUWZ) withBgW

P(Wg5 UWE U{b})
PW5 UWE)

P(Wg5 UWH | b)P(b)
P(Wgz UWE)

PWg | b)P(WH | b)P(b)
P(Wgz UWSE)

= Bpw  PWg|b) Pb|WE)

)

Evidence ffgm “below” Evidence f;(;m “above”
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m- and \-Values

m-values and )\-values

Let B € V be a variable and b € (g a value of its domain. We define the 7- and
A-values as follows:

(P(Wj |b) itBgW
Ab) =4 1 if Be WAV =D
0 if Be W Ab* £b

\

m(b) = P(b| Wg)
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m- and \-Values

Ab)= [ PWg b if B¢ W

Ces(B)
Ab) =1 if B leafin (V, E)
7(b) = P(b) if B root in (V, F)
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A-Message

A-message

Let B € V be an attribute and C' € s(B) its direct children with the respective
domains dom(B) = {Bj,...,b;,...,b;} and dom(C) = {c1,...,¢j,...,cm}

Def
>‘C’—>B(bi> — ZP(C]' ’ bi)’>\<cj>a 1= 1,...,]€
j=1

The vector

k
v Det
S 2 (Aonnn)

is called A-message from C to B.

1=1
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A-Message

Let B € V an attribute an b € dom(B) a value of its domain.

Then

A(b) =

/

11

\

pw - 11 Acsp) ifB¢W
Ces(B)

if BeW Ab=>0D*
0 fBeWAb#Db*

with pp 7 being a normalizing factor

Rudolf Kruse, Alexander Dockhorn

Bayesian Networks

223



m-Message

mT=Inessage

Let B € V' be a non-root node in (V, E) and A € V its parent

with domain dom(A) = {aq,...,a;,...,am}.
17=1,....m:
m(a;)- 11 Acspley) ifAEW
\ Def Ces(A\{B}
TA=B) =\ ifAe W Aa=a*
0 if Ae W Aa#a*

The vector

m
- Def
TAsB = (WA—>B(aj>>_ 1
j:

is called m-message from A to B.
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m-Message

Let B € V be a non-root node in (V, F') and A the parent node of B.

Further let b € dom(B) be a value of B’s domain.
m(b) = ppw - D, Plbla) maspa)
acdom(A)
Let A ¢ W a non-instantiated attribute and P(V') > 0.
masplaj) = wlag) - [ Acoalay)
Ces(A)\{B}

Pla; | W)
W AB%A(“]’)

pr— TB,

with 75 y7 being a normalizing factor
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Messages - if B is instantiated

1. Set

1 I BeWAb=>D"

A(b>P(bW>{o it BeW Ab#Db*

2. Post new A—message A\g_, 4 to all parents of B

Ap—ala)= ) P(bla)- A(b)
bellp

3. Post new m—message mp_, to all successors of B.

1 fBeWAb=>0b"

b:
"5 {o if BeWAb#D
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Messages - if B is not instantiated, and B received \o_,p

1. Compute new A\—values Vb € ()
AO)=ppw- Il Aoopd) EB¢gW
Ces(B)
2. Compute new P(b | W) values Vb € Qp :

P | W) =apyw-m(b)-Ab)
3. Post new A—message A\g_, 4 to all parents of B:

Ap—ala) = 3 P(bla)- Ab)
belp

4. Post new m—message Ap_,¢ to all successors of B.

\V/bEQB:

TRc(b) =T B,Wféb_JBv([g
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Messages - if B is not instantiated, and B received m4_,p

1. Compute new m—values Vb € Q) :

7T([7>:,UB,I/V' ZP(b|CL>'7TA_>B if B¢ W ({}
bellp
l TA-B
2. Compute new P(b | W) values !
f,ﬂ

P(b| W) =apw m(b) Ab) /%

3. Post new m—message Ag_, to all successors of B. \i JAE] |

TRc(b) =T W - féIij(Ig;
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Propagation in Belief Trees

Belief Tree: Parameters:
TIALP P(a1)201 P(bl|a1):O.7
P(by | ag) =0.2
P(d; | ay) = 0.8 P(e; | by) = 0.4
o P(dy | ag) = 0.4 P(ey | by) = 0.001
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Propagation in Belief Trees (2)

Belief Tree: Initialization Phase:

Set all A-messages and
A-values to 1.
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Propagation in Belief Trees (3)

Belief Tree: Initialization Phase:

Set all A-messages and
A-values to 1.

m(a1) = P(aq) and
m(az) = Pla)

Rudolf Kruse, Alexander Dockhorn Bayesian Networks 231



Propagation in Belief Trees (4)

Belief Tree: Initialization Phase:

Set all A-messages and
A-values to 1.

m(a1) = P(aq) and
m(az) = Plag).

A sends m-messages to

B and D.
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Propagation in Belief Trees (5)

Belief Tree: Initialization Phase:

Set all A-messages and
A-values to 1.
m(a1) = P(a1) and
i m(az) = Pla).
01| 104 A sends m-messages to
0.56 | 1| 0.56 B al’ld D
B and D update their
m-values.
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Propagation in Belief Trees (6)

Belief Tree: Initialization Phase:
T AP Set all A-messages and
a; |0.1] 101
4y |00 100 A-values to 1.

m(a1) = P(aq) and

i m(az) = P(ag).

401 oA A sends m-messages to

do | 0.56 | 1] 0.56 B al’ld D
B and D update their
m-values.
B sends m-message to C.

by by

(0.25, 0.75)/
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Propagation in Belief Trees (7)

Belief Tree:

dy | 0441 044

dy | 056 | 1| 0.56

by by

(0.25,0.75) 7

c1 | 0.10075 | 1 | 0.10075
co | 0.89925 | 1 | 0.89925

Initialization Phase:

Set all A-messages and
A-values to 1.

m(a1) = P(aq) and
m(az) = Plag).

A sends m-messages to
B and D.

B and D update their
m-values.

B sends m-message to C.
C updates it m-value.
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Propagation in Belief Trees (8)

Belief Tree: Initialization Phase:
T AP Set all A-messages and
a; | 0111101
4y |00 100 A-values to 1.

m(a1) = P(aq) and
m(az) = Plag).

A
dy 044 1041 A sends m-messages to

do | 0.56 | 1] 0.56 B and D

(0%5,0{)%5) y B and D update their
. m-values.
. e B sends m-message to C.
1) C' updates it m-value.
T A P Initialization finished.

c1 | 0.10075 | 1 | 0.10075
co | 0.89925 | 1 | 0.89925
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Larger Network (1): Parameters
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PA) ] 0
al 0.4
a 0.6

Bayesian Networks

!

2

0.25

0.1

0.75

0.9

PI|F)| h || f
i 0.25 || 0.5
i 0.75 | 05
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Larger Network (2): After Initialization

di
do
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ai

0.4

a2

0.6

0.4444

0.5556

Bayesian Networks

0.1285

0.8715

i

0.3643

i9

0.6357




Larger Network (3): Set Evidence ¢y, g1, h;
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ai

0.4

a2

0.6

| =

Bayesian Networks

= >

o

1]

0.3643

i9

0.6357
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Larger Network (4): Propagate Evidence
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ai

0.4

az

0.6

O | >

Bayesian Networks

0.3643

0.6357
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Larger Network (5): Propagate Evidence, cont.

B| n A P
b1 1 0.26 | 0.15 | 0.1048
by | 0.74 | 0.45 | 0.8952

by by
(0.15,0.45)

Rudolf Kruse, Alexander Dockhorn

ai

0.4

a2

0.6

H AP
h1 1)1
ho 0|0

Bayesian Networks

P

€1

0.19 ] 0.25 | 0.3696

0.1 | 0.6304

2

(0.25,0.1)

O = >

I T P
i1 | 0.3643 0.3643
i9 | 0.6357 0.6357
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Larger Network (6): Propagate Evidence, cont.

a; | 04104

ar | 061106

B| w P C| m A P
by | 0.26 | 0.15 | 0.1048 c1 1 0.19 | 0.25 | 0.3696
by | 0.74 | 0.45 0.1 | 0.6304

/ c1 9
(0.335,0.47)

bil f2
D] =« \(\0.3529,0.0914) NP
dy | 0.389 1|1
dy | 0.611 0

H | r P I T P
h1 111 i1 | 0.3643 | 1 | 0.3643
ho 010 19 | 0.6357 | 1 | 0.6357
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Larger Network (7): Propagate Evidence, cont.

by | 0.26 | 0.15 | 0.1048
by | 0.74 ] 0.45

D T A P

dy | 0.1361 | 1 | 0.3657 e1

dy | 0.2360 | 1 | 0.6343 e

O = >

| =
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A P

ai

0.4

0.39 | 0.4194

a2

0.6

0.36 | 0.5806

H|n| AP
h1 1)1
ho 00

Bayesian Networks

/ c1 €2
(0.335,0.47)

f1 P
(03529, 0.0014)

C| « A P
c1 | 0.19 | 0.0838 | 0.2948
0.047 | 0.7052

O = >

I T P
i1 | 0.1339 0.3014
i9 | 0.3104 0.6986
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Larger Network (8): Propagate Evidence, cont.

b1 1 0.26 | 0.15 | 0.1048

by | 0.74 | 0.45 | 0.8952
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A P

ai

0.4

0.39 | 0.4194

az

0.6

0.36 | 0.5806

aj DDNN

(0.0507,0.0562)

A P

H AP
h1 1)1
ho 0|0

Bayesian Networks

C1 c9
(0.0475, 0.0SlV

€1

0.19 | 0.0838

0.2948

2

0.81 | 0.047

0.7052

O = >

u

110.3014

i9

11 0.6986
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Larger Network (9): Propagate Evidence, cont.

B| n A P
b1 1 0.26 | 0.15 | 0.1048
by | 0.74 | 0.45 | 0.8952

di

do
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A

P

ai

0.4

0.0198

0.3945

a2

0.6

0.0202

0.6055

ag DO
(0.0507, 0.0562

™

Bl

0.0628

0.65 | 0.

0.0657

PO =
| ot
&l S
5| &0

H|n| AP
h1 1)1
ho 00

Bayesian Networks

)

C1 c9
0.0475,0.081

V4

€1

0.19 | 0.0838

0.2948

2

0.81 | 0.047

0.7052

O = >

I T P
i1 | 0.1339 0.3014
i9 | 0.3104 0.6986




Larger Network (10): Propagate Evidence, cont.
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ay a9
(0.0203, ().(]332%

ai

0.4

0.0198

0.3945

az

0.6

0.0202

0.6055

ay as
(0.1560, 0.2160)

H AP
h1 1)1
ho 0|0

Bayesian Networks

I T P
i1 | 0.1339 0.3014
i9 | 0.3104 0.6986
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Larger Network (11): Propagate Evidence, cont.

ai | 0.4 1 0.0198 | 0.3945
as | 0.6 | 0.0202 | 0.6055

al a9 ai as
0.0203, 0.0337 0.1560, 0.2160
\

T P s P
0.0142 0.1061 0.0696 0.2910
0.0398 0.8939 0.3024 0.7090

D T AN P
dy | 0.1361 111
dy | 0.2360 0

H|n| X P I T A P
hy 1)1 i1 1 0.0062 | 1 | 0.3108
ho 0|0 i9 | 0.0138 | 1 | 0.6892
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Larger Network (12): Propagate Evidence, cont.

b1 | 0.0142 | 0.15
by | 0.0398 | 0.45

b1 b

2
(0.0021, 0.017y

di

do
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ai

0.4

0.0198

0.3945

az

0.6

0.0202

0.6055

P

H AP
h1 1)1
ho 0|0

Bayesian Networks

(&) c9
(0.0174, o.o3oy

€1

0.0696 | 0.0838

0.2910

2

0.3024

0.047

0.7090

O = >

u

11 0.3108

i9

1 10.6892
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Larger Network (13): Propagate Evidence, cont.

b1 | 0.0142 | 0.15

by | 0.0398 | 0.45

by by
(0.0021,0.0179) 7

P
dy 1 0.0073 | 1 | 0.3659
do | 0.0127 | 1 | 0.6341
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€1

€2

O = >

| =

ai

0.4

0.0198 | 0.3945

a2

0.6

0.0202 | 0.6055

Bl

0.0234

0.0243

0.65 | 0.
)

H|n| AP
h1 1)1
ho 00

Bayesian Networks

€1

0.0696 | 0.0838

0.2910

2

0.3024

0.047

0.7090

O = >

I T P
i1 | 0.0062 0.3108
i9 | 0.0138 0.6892
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Larger Network (14): Propagate Evidence, cont.
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ai

0.4

0.0198

0.3945

az

0.6

0.0202

0.6055

O | >

O =

Bayesian Networks

i

0.3108

i9

0.6892
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Larger Network (15): Finished

ai | 0.4 1 0.0198 | 0.3945
as | 0.6 | 0.0202 | 0.6055

P
0.2910
0.7090
D T A P E|n| AP G|« P
dy | 0.0073 | 1 | 0.3659 el 111 q1 1
dy | 0.0127 | 1 | 0.6341 €9 0 90

H|n| X P I T A P
hy 1)1 i1 | 0.0062 | 1 | 0.3106
ho 0 i9 | 0.0138 | 1 | 0.6894
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